Abstract. An A∞-bialgebra of type (m, n) is a Hopf algebra H equipped with a "compatible" operation ω n m : H ⊗m → H ⊗n of positive degree. We determine the structure relations for A∞-bialgebras of type (m, n) and construct a purely algebraic example for each m ≥ 2 and m + n ≥ 4.
Let R be a (graded or ungraded) commutative ring with unity, and let m and n be positive integers with m + n ≥ 4. An A ∞ -bialgebra of type (m, n) is a DG Hopf algebra H over R equipped with a "compatible" non-trivial operation ω n m : H ⊗m → H ⊗n of positive degree. The first examples of type (1, 3) were given by H.J. Baues in [2] . Recently, the first and third authors observed that when p is an odd prime, examples of type (1, p) appear as a pair of tensor factors E ⊗ Γ in the mod p homology of an Eilenberg-Mac Lane space K(Z, n) [1] . The first "nonoperadic" example of type (2, 2) was constructed by the third author in [9] , and the first example of type (2, 3 ) , which appears here as Example 3, was constructed by the second author in his undergraduate thesis [3] . In this paper we determine the structure relations for A ∞ -bialgebras of type (m, n) and construct a purely algebraic example for each (m, n) with m ≥ 2 and m + n ≥ 4.
We begin with a brief review of the background material we need. For simplicity, we consider the special case with zero differential (for the general case see [6] ). Let H be R-module. Given an arbitrary family of R-multilinear operations {ω n m : H ⊗m → H ⊗n } n,m≥1 , the sum ω = ω n m extends uniquely to an element d ω ∈ End (T H) , called the biderivative of ω, constructed by Saneblidze and Umble in [6] . Furthermore, there is a (non-bilinear) ⊚-product on End (T H) that restricts to Gerstenhaber's • i -products on Hom (H ⊗m , H) and Hom (H, H ⊗n ) . The family {ω n m } defines an A ∞ -bialgebra structure on H whenever d ω ⊚ d ω = 0, and the structure relations appear as homogeneous components of the equation d ω ⊚d ω = 0.
When ω = ∆ − µ + ω n m , as in this paper, the ⊚-product is identical to Markl's "fraction product" constructed in [4] . Think of M = End (T H) as the bigraded module {M We picture indecomposables and fraction products two ways. First, an indecomposable generator θ n m is pictured as a double corolla with m input and n output channels (see Figure 1) , and a general elementary fraction α y x is pictured as a connected non-planar graph as in (0.2) below. While d ω ⊚ d ω is a sum of fraction products, not every fraction product is a summand. Exactly which fraction products are admissible summands is determined by the S-U diagonal ∆ K : C * (K) → C * (K) ⊗ C * (K) on cellular chains of the associahedra K = ⊔K n (see [5] ). In this paper, the admissible components of d ω are determined by the primitive terms of ∆ K . Define ∆ (0)
Referring to the fraction in (0.1), express each tensor factor α q xi and α yj p in terms of its leaf sequences x i , q i and p j , y j , and write
We refer to (p 1 , . . . , p q ) and (q 1 , . . . , q p ) as the upper and lower contact sequences of α y x , respectively. Example 1. The upper and lower contact sequences of
) and ( (2) , (2) , (2)).
Identify the top dimensional cell of K n with the downrooted and uprooted corollas θ ). In the special setting of this paper, all contact sequences are given by iterating the primitive terms of ∆ K .
Whereas the structure relations that define an A ∞ -bialgebra of type (m, n) are given by the homogeneous components of equation d ω ⊚ d ω = 0, a construction of d ω now follows. Let ↑ and ↓ denote the suspension and desuspension operators, which shift dimension +1 and −1, respectively, and note that Id H =↑↓=↓↑. For purposes of computing the signs in d ω , assume that H is simply connected; once the signs have been determined, this assumption will be dropped. Freely extend the map ↓ ⊗2 ∆ ↑:↓ H →↓ H⊗ ↓ H as a derivation of the cobar construction ΩH, and dually, cofreely extend the map − ↑ µ ↓ ⊗2 :↑ H⊗ ↑ H →↑ H as a coderivation of the bar construction BH. These extensions contribute the following components of d ω :
where the signs are the Koszul signs that appear after factoring out suspension and desuspension operators. If m > 2, freely extend the map − ↓ µ ↑:↓ H ⊗2 →↓ H ⊂ ΩH as an algebra map Ω H ⊗2 → ΩH; the extension
Similarly, if m = 2, freely extend the map
contributes the components
Similarly, if n = 2, cofreely extend the map
contributes the components To continue, we need to generalize the classical notion of an (f, g)-derivation. 
Thus a classical (f, g)-derivation is an (f, g)-derivation of degree 1. Now if m, n = 2, let f 1 = g 1 = Id H and let
Then the biassociativity of ∆ and µ implies
Extend the map (−1) ⌊n/2⌋+1 ↑ f n ↓:↑ H →↑ H ⊗n as a coalgebra map, obtain
and extend ↑ ω n m ↓ ⊗m :↑ ⊗m H ⊗m →↑ H ⊗n as an (F n , F n )-coderivation of degree n − 2. When k = 1 we obtain the components 
Let v denote any of vertex of K n . If m = 2 and n > 2, define a chain map
, and zero otherwise. Then
and (up to sign)
SEAN EVANS, AND RONALD UMBLE
2 Dually, if m > 2 and n = 2, define a chain map
, and zero otherwise. Then (up to sign)
Finally, if m, n = 2, define chain maps 
For simplicity, we state the definition of an A ∞ -bialgebra of type (m, n) in the special case when d = 0. When d = 0, the definition extends as indicated in [6] . Whereas our examples do not depend on the signs in Relations 3, 4(a-c), and 5(ac), we omit the complicated sign formulas. Note that Relation 3 is a classical A ∞ -(co)algebra relation when m = 1 or n = 1. 
Example 2. When (m, n) = (2, 3) , the relations in Definition 2 are represented graphically as follows: Relation 3 (4d): 
2 ) (y|y|1|1 + y|1|1|y + 1|y|y|1 + 1|1|y|y) = (y|1|1 + 1|1|y) ⊗ 1 + 1 ⊗ (y|1|1 + 1|1|y) = y|1|1|1 + 1|1|y|1 + 1|y|1|1 + 1|1|1|y Since odd dimensional spheres are rational H-spaces, H = H * S 1 ; H * S 2m−3 ; Q admits a type (m, n)-structure whenever m ≥ 2 and m + n ≥ 4. But whether or not ω n m can be realized geometrically is an open question.
